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ABSTRACT. In the present paper we introduce a proof for the
existence of equilibrium points of a certain nonbilinear problem by using
the Knaster-Kuratowski-Mazurkiewicz theorem, which turns out to be
somewhat efficient for studies related to n-person games. As an applica-
tion of this result, by embedding an n-person game in the “cooperative”
set of action the existence of an equilibrium point in the strict noncoop-
erative case and more general cases is obtained.

I. Introduction. Since the introduction of equilibrium point in noncoopera-
tive n-person games by Nash [10], [11], there have been many applications and
some extensions in mathematical economics models of this very important
concept. However, only recently has there appeared to be some interest in the
outstanding problem of computing equilibria. There exists some general informa-
tion about the structure of the equilibrium points set for an n-person game. See
for example H. Chin, T. Parthasarathy and T. E. S. Raghavan [1]. However, in
the case of two-person games, some interesting results by Vorobev [17], Kuhn [4]
and Kreps [3] have been found.

In the present paper we introduce a proof for the existence of equilibrium
points of a certain nonbilinear problem by using the Knaster-Kuratowski-
Mazurkiewicz theorem, which turns out to be somewhat efficient for studies
related to n-person games.

Indeed, as an application of this result, by embedding an n-person game in
the “cooperative” set of actions the existence of an equilibrium point in the
strict noncooperative case and more general cases is obtained.

Even though the new existence proof of equilibrium points is not by itself
constructive, it holds to a computationally suitable way for the set of equilibrium
points. In some specific cases, as for example, two-person games, one derives
that such a set is the union of convex polyhedra. The extreme points of such
polyhedra are computed by a similar technique as the important one developed
by Kuhn [4].
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Further, we introduce a section about transformation properties of
equilibria.

Finally, we also extend von Neumann’s result [16] for an n-person game
with rational payoff functions.

We would like to point out that the same basic result allows one to study
extensions of equilibrium point concepts as those E-points introduced by the
author [6], [7], [9], which we will present in a separate report.

II. Basic results. Let I be a nonempty finite set and T be the set of all
probability distribution defined on /, that is

T={xeRM: x()>0, Tx()=1,i €1},
i€l

where |/| indicates the number of elements in I and R is the set of real numbers.
x(f) is the ith component of the vector x € R!. Given an x € I'let S(x) C I
be the support of z, that is, the set of j € I such that z(7) > 0. Consider a con-
tinuous real function G:I x I x I — R. For any continuous transformation

j/ :T— T'we extend the function G in a natural way by means of

Gx, i, 2) = 3 p(XNGU, i, 2).
JjEI

We now have the following basic result:

THEOREM 1. If for each z € Tthereisani € S(z) such that for any j €
S(®(2)), G(j, i, z2) > 0, then there is a 7 € I such that GG, i, ) = 0 for each
i€l

PRrROOF. For a given i € I, define the set
IG) = &z €T G(j, i, z) > 0 for each j € S(p(z))}.

We want to see that such a set is closed. Consider a convergent sequence z,, —
z such that for each n, z, €I({). We note that there is an n, such that for

all n > ny, S(p(z,,)) O S(p(z)) since the transformation p is continuous. Since
z,, € I(i), then for each j € S(p(z,,)), G(j, i, z,,) = 0. In particular, the above is
true for each j € S(p(z)). By the continuity of G, we have that for each j €
S(@()), G(j, i, z) > 0. Therefore, z € I(i).

For any nonempty subset J C I, we indicate by T the natural embedding
in T of the corresponding probability distributions. Hence, by the condition
imposed in the theorem, for any z with S(z) = J there is an i € J such that
z € I(i). Therefore, for any nonempty subset J C I: Jc Ui, 1.

Consequently, the Knaster-Kuratowski-Mazurkiewicz theorem guarantees
the nonemptiness of the intersection set £ = ﬂ,al(i).
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Any point 7 € E satisfies G(Z, 7, zZ) =0 foreachi€l Q.ED.

This result is too general for our purpose in this paper. We now will pre-
sent an application of the above result which is more suitable for further studies
concerning the existence of equilibria in game theory.

Consider a family of continuous real functions f i I — R withi €I and
define F(i, z) = f(z). Then, the natural extension of F to Tis given by

F(x, y) = 3 px)O) ()
i€l
By applying Theorem 1, we obtain the next result:

THEOREM 2. If for each z € T: S((2)) C S(2), then there isa Z7 € T such
that F(z,Z) 2 F(i, Z) for each i € L

ProoF. Define G(, i, z) = F(j, z) — F(i, z). Foranyz € T, leti € S(p(z))
be any i € S(p(z)) such that F(7, z) is a minimum with respect to the variable
i € S(p(2)). This obviously exists. Therefore, for each j € S(p(2)), F(j, z) =
F(, z) or equivalently G(j, 7, z) = 0. Buti € S(p(2)) C S(z). By the previous
theorem, there exists a Z € T such that G(Z,i,z2)=0foreachi€l Sucha
point satisfies F(Z, ) = F(i, Z) for each i € T. QED.

A point satisfying Theorem 2 will be called an equilibrium point for F. One
can characterize an equilibrium point in a somewhat slightly different way which
will be useful in the subsequent parts. As an immediate consequence of Theorem
2, we have

CoROLLARY 3. A point 7 € T isan equilibrium point for F if and only if
for each j € S((2)) F(j, ) = F(i, Z) for each i € L.

Having the existence of an equilibrium point for F, we now want to see that
any transformation p having the condition established in Theorem 2 is onto.

LEmMMA 4. For any continuous transformation p: T —T, if for each z €
T, S(p(2)) C 8(z), then p(T) D T.

ProoF. Clearly, since T is convex, p is homotopic to the identity map id.
Indeed, H(x, t) = tp(x) + (1 — £)x is an homotopy bridge between p and id.

Suppose that p(T ) is not T’; then there is a point X € T which does not be-
long to the closed set p(7~ ). Therefore, for some € > 0 all the points x € such
that Ix -¥1<e, x ¢ p(!~ ). Let 3l be the relative boundary of T and consider
the continuous function g: T - p(T" )— I which maps x to the projection g(x)
€ oI on the ray from ¥ to x. The continuous composition A(x) = g(p(x)) maps
T into 3T, Its restriction A7 is indeed plal’. Therefore, it is well known that
plal is homotopic to a constant function in 37 (see, for example, Nikaido
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[12, p. 75]). Consequently, since S(p(2)) C S(z) for each z € T, plaf' is homo-
topic to the identity in or. , which implies that the identity map is homotopic to
a constant map in oI . The Brouwer Fixed-Point Theorem assures that this is
absurd. Q.ED.

Going back to equilibrium points, we will present next a simple fact about
the set of such points for different functions related by an appropriate trans-
formation.

Let A(J) be the set of vectors x € R'"" such that x(j) = u, foreachj€J
and u, > x(i) for each i € J. Then if P(/) indicates the family of all nonempty
subsets of I, we have that {A(J),J € A(I)} is a partition of R,

We say that a transformation £2: R — RM'js order-preserving if (A())
C A(J) for each J € P(J).

In what follows, all the transformations p considered are assumed to have
the property indicated in Theorem 2.

Given FUi, - ) define F; as the composition Fg = o F; then one imme-
diately has

PROPOSITON 5. If S is order-preserving, then an equilibrium point for F is
an equilibrium point for Fq,

PrROOF. Let J; be that subset of I such that F( ., 7) € A(Jz). Since  is
order-preserving, Fq( ., Z) € A(J5) or equivalently for each j € J3 and i € J7,
Fq(j, ) > Fq(i, 7). But S(p(2)) C J; since Z is an equilibrium point for F.
Therefore, for each j € S(p(2)), Fq(, 7) 2 Fq(i, 7) foreachi €1 Q.ED.

It is clear that the set of equilibrium points for F is the intersection of all
IG): E= n,-al(i). Now, introducing the sets

MU, i) = {z €T S(p(z)) = J and F(j, z) > F(, 2) for each j € J},
we have that I()) = UJG payMU, i) and consequently

(1) E=N U MU= U N M.

i€l JEP() Jep() i€l

Clearly, the set in the right term is always included in E. Forany Z € E

let J> = S(p(2)), then 7 € nie M7, i). Thus we have the previous equality.
The expression (1) characterizes the set of equilibria for F.

III. Properties in the bilinear case. Having the previous results, we now
would like to study some properties regarding equilibria in the case in which the
function F is bilinear. Even though this case is quite particular, it appears to be
quite wide reaching when applied to games. It incorporates general two-person
games and a large variety of n-person games.
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In such an instance, it is possible to present some relevant properties and to
have a technique for computational purposes. It is possible to compute all the
extreme equilibria and therefore all the equilibrium points. Such a technique has
many similarities with the very important method developed by Kuhn [4] for
characterizing extreme optimal strategies in zero-sum two-person games.

Here in this section we consider that the function F is given as

F(x,y) =3 X a;x@y()
i€l jeI
and the transformation p is the identity. Therefore, in this case all the sets
M(J, i) become convex and the set of equilibrium points E is a union of convex
sets. We would like to remark that the sets M(J, i), in general, are not closed.
Moreover, such sets are convex polyhedra. Consider the matrix Bf = {b}k}
with j, k € J defined by b;k = a;, —aj. Then, it is clear that

MU, D =K@0NT°
where r stands for the relative interior of J and
K() = {x€T B'x <0}

Here B'x indicates the usual matrix multiplication.
Now, alternately the set K(J) can be described by means of the set

LD ={(x \)ET x R: B’x ~A<0and A <O}
Indeed, if m; is the projection on 7', we immediately have
K ) = m; L)

The points in M(J, i), if any, can be obtained as a combination of its ex-
treme points which might not belong to it. Thus, it is important to characterize
the extreme points.

Write the linear system of inequalities

2 bx()-A<0, jEJ,
k

Y x(k)=1, A<0,
k

for LJ).

For any given m x n matrix A, we write 4 as the (m + 1) x (n + 1) ma-
trix having the entries a;; = a;; if i Smand j <, &y q; = 1for j <7, @1y y =
-l1fori<manda,,,,,, =0. Similarly A" is the (m + 1) x n matrix with
entries 3; = gy for i<mand j <, dppyy;=0if j<m—1and G,y , = 1.
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With these notations, we can express the above linear system of inequalities as

— i [ X
(B )l()\) <vﬂ'l

where v7,; = (0,...,1,0)isaj + 2 vector with 1 in thej + 1 = (lJ1 + Dth
position. We also use uy,; = (0, ..., 1) as the unit j + 1 vector.

THEOREM 6. Let X, X be an extreme point of L{J). If:

(@) X <0 there exists a |S(x)| x |S(x)| submatrix Q of B' such that the
rank Q) of Q is 1S(x)! + 1 and (x, X) is the solution of Q%) = ujy;

(b) X =0, there exists a (1SGx)| = 1) x |S(x)! submatrix Q of B' such that
HQ) = ISX)| + 1 and (x, 0) is the solution of Q") = vy.

We skip the proof because it is essentially contained in Kuhn’s paper.

As an immediate consequence of this theorem, we have that (x, \) can be
computed by Cramer’s rule. Given a ¢ x q matrix Q we indicate by Q;; the
(@i, Nth cofactor in Q, and Q| the determinant.

COROLLARY 7. If x, X is an extreme point of L{J) and Q the correspond-
ing matrix specified in Theorem 6, then
(@) ifx <0, x(k) =0 for k € S(x) and
Z0y Z0y

and x(k) = —Ia-l— = 520y k € S(x),
y=la __lol
2l 2,204
() IfFA<0:x(k) =0, k ¢ S() and
0 = o
z;0f

where Q% is the (g + 1), kth cofactor in Q*.

Since there are only a finite number of submatrices, it is possible to obtain
effectively all the extreme points of the convex polyhedron L(J).

We indicate by E/(J) the set of extreme points to L(J). We have the fol-
lowing simple fact:

PROPOSITION 8. The set M(J, i) is nonempty if and only if U e SESE)
=J.

ProoF. First the necessity. If x € M(J, i) then S(x) =J and for some X,
(¢, N) €ELJ). Thus, for some convex combination with ;. > 0:

x,N= (Z wex®, § m")
k
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for some extreme points (x*, e E()). But S(x) = UkS(x" ), and therefore
U;e,, JEL ,)S(x) =J. For the sufficiency, let (x*, )\") be any family of extreme
points such that U,S(x*) =J. Then any convex combination of them with p;
> 0 gives

(), M) = (; #,,x",Zk: ukx">

which is in L(J). Hence x(i) € K{J) and S(x(1)) = U,S(x*), implying that
x(w) € M(J) QED.

The intersection n,.e,M(J, i) will give all the equilibrium points for F hav-
ing support J. This may be characterized as a convex polyhedron by means of
linear inequalities too.

It is interesting to note that although the set of equilibrium points E is not,
in general, convex, it can be entirely computed as convex combinations of ex-
treme equilibrium points which in turn are extreme points to

L(Ty={x €T Ax <A}.

THEOREM 9. If x € E and (x, \;) where \; = F(x, X) is a strict convex
combination of points x* € L(T ), then all x* are equilibrium points for F.

PROOF. It is clear that if x € E then (x, A)eE L(D). If it is a convex
combination with u, > 0:

&A= (}: mex”, Zk:“klk>
3

where (x¥, N¥) € L(T"), then since (x, A;) is an equilibrium point, we have

TN = =, Ui, x*) for all i €1 and the strict equality for i € S(x). But S(x)

= UkS(xk), and A* > F(i, x*) for all i € 1. In particular for i € S(x¥) C S(x) A

= Ax*, x*) = (i, x*), which implies that (x*, A¥) is an equilibrium point. Q.ED.

Consequently the set of extreme equilibrium points for F: £ N ﬂ,L(T) is
nonempty.

The points in E N ﬂ,L(T ) are called extreme equilibrium points. By the
last theorem, it is possible to compute all of them efficiently. This is the import-
ance of such a result.

In order to reduce the computational procedure one might expect one ex-
treme equilibrium point whose corresponding submatrix P is a principal minor.
We hope to prove such a fact, among other results, in further studies.

IV. Equivalence classes. In this section, we will study a kind of equivalence
relation for the set of bilinear functions F considered in the previous section. This
might be applied when F also has the support inclusion property, but for reasons
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of simplicity we shall skip this case. All the functions in an equivalent class will
have the same set of equilibrium points. Thus, the general problem is reduced
only to a small family of functions. We will also mention some related combina-
torial aspects.

Given a positive diagonal matrix B, define the transformation ¢g: T—-T
as

¢g(x) = pg(x)Bx where pg(x) = 1/2ng >0.
i

At once we have that p satisfies
PB(ax) = PB(x)/a, PBI(Bzx) = PBle(x)

for any number 4 and diagonal matrices B, and B,.

Let C be a matrix such that CB = A, where F is the expectation of 4.
Then we have that Céz(x) — pg(x)Ax = 0 and from here for the expectation F€
of C we have

FE(j, $5(2)) = Zk:cjk(¢3®)k = pp(*) % 8 Zy = pg(X)F(j, 2)

for each j € ITand z €T . If Z happens to be an equilibrium point for F, then
FC(G, ¢p(z) = F(, T) > F(, ) = FCG, ¢5(2)

for all j € S(z) and i € I, or in other words, ¢5(z) is an equilibrium point for FC.

Thus, the set of equilibrium points for F€: EA4B™!) = E(C) contains
65(EA),

We also have for the composition ¢g - ¢8,(x) = ¢p . Bz(x) and ¢E‘ =
¢g—y. Furthermore ¢5(E(A)) = E(C).

A further simple observation is that the matrix 4 + I(k,, . . . , k;;) (where
the matrix /(k,, . . . , k;) has the ith column with all the entries k;, and n = 1)),
has exactly the same set of equilibrium points as 4. Indeed, it is immediate from
the expectation expression:

Fr, ) = O 2 + Tk

From this fact, one is allowed to study just payoff functions with all entries
positive. The others will have a representative here with the same set of equilibria.
Moreover, by the first consideration, given 4 > 0 with at least one positive entry
in each column, if b; = Z,a;; > 0 then AB is a stochastic matrix with respect to
the columns and therefore all the remaining representatives are the stochastic
matrices.
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Let S be the set of all such stochastic matrices and consider the transfor-
mation

[A+IKy,..., k)IB YKy . k) =C A+I(Kky, ..., k)20

for A € S, with at least one positive entry in each column. Therefore, the ma-
trix B(k,, . . . , k,) has entries b(k;, . .., k,) =1+ nk; > 0.
It is clear that C € S and that

E(C) = ¢5(E(4)) = ¢p(EA + I(ky, . . - . Kp)))-

It is interesting to note that the matrix C can be obtained by inverting the
operations. Indeed, let

k;=—kJ(1 + nk);
then, we have that B(k,, . . . , k,,) is the inverse of B(k,, . . . , k), since
0< b7 Ry, - .-, k) = 1/(1 + k)
= (1 + nkp/(1 + nk; — nk))
=1+nk;=biky, ..., k)
and therefore
CHItky, ..., k)=[A+Iky, ..., k)B Y kys. ., k) + 1k, ..., k)
=AB7'(ky, ..., k) Ik, ... k)BT Ky, ... k) + Iy, ... K
=AB7V(ky, ..., k) H Ky, . KB Ky, - L k)
Iy, ..., kB kys e oK)
=AB7 (k... k) =ABKk,, ..., k,)>0
with at least one positive entry in each column. Equivalently
[C+IEy, ..., kB Ky, ..., k) =A
Thus,
EC) = EAB7 (ky, - - - , k,)) = ¢5(E(4)).

From here, we can define an equivalent relation in S as A,RA, if and only
if there is a vector (k,, . . ., k,;) such that

A, =[A, + Iy, ... k)IB 'ky oo o K,)
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where A, + I(k,, . . ., k,) =0 has at least one positive entry in each column.
It is simple to verify that R is an equivalent relation.
As a consequence we have that the computation of equilibrium points is
reduced to the equivalence classes. For any two stochastic matrices in the same
equivalence class the set of equilibria are in a one-to-one correspondence given

above.
It is worth mentioning that the existence of an equilibrium point for F is

equivalent to the very combinatorial fact that UJe () Ag()) is nonempty for
any stochastic matrix, where here Ag(J) = {z: S(z) = J and F(z, z) € A(J)}.

V. Equilibrium points in n-person games. Having studied some properties
in the previous section which allow the complete computation of all equilibria in
the bilinear case, we will now go on to present some interesting applications to
n-person games.

As a first simple fact, consider the case where F(x, y) = E(x, y) — E(y, x)
and E is the expectation of a given matrix 4. Then, immediately from Theorem
2 we have

CoROLLARY 10. There exists a point X such that E(x, i) = E(i, x) for
every i € L

ProoF. Indeed, let X be an equlibrium point for F:
F(f:f)>F(i»7)=E(i.7)“E(’_f' i)

for each i € I. But F(x, x) = O since F is skew-symmetric. Q.E.D.

Even this result implies the minimax theorem, which is precisely the method
adopted by Nikaido-Isoda [13].

Now, we study n-person games. Let I' = {Z;, 4;; i € N} be a finite n-per-
son game in normal form. Let Z = X;cxZ; and consider continuous functions
p: 2 — % and q’; %}# — f:} for each i € N, where p is such that S(p(z)) C
S(z) for each z € . Therefore, we define

f;1(2)= > ATy e e oy T O Tiggs e v sTp)

Tl ,...,Tl_l ,1’,-+ 1 ,..-,Tn

. q'(z)(rl, s T Tigar o o> Tn)
= Ei(oia ql(z))’
FORPWHO

for0=(ol,...,an)GEandz€§andforx,y€§:
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Fix,y)= Y p(x)0y,-..,0,)f(»)

O seensOp
=Y T peXop, -5 005 0)
IEN 0p,yee0s0p
=y )> px)oys -« > o,,))E;(U,-, i6)))
IEN 65 \ 045001504 150n
= Y Em(p®)), 4'(»))
iEN

where 7;: $— f, is the natural projection giving the marginal probability.
By Theorem 2, there exists a z € S such that
') > Emp@), d@) > X Em(p@). d@)
iEN iEN
for each z € 3. Let

ANz e eh2,) = iQV 7 1(z)

for z; € E)'i which can be seen to be a convex polyhedron [8]. We call it the
fiber. Intuitively speaking this is the set of all cooperative actions among the
players generated by the individual mixed strategies z; € f,. Consider further the
set p"'(A(zy, - - - » 2,,)). Since p is onto, mp: T — T, is also onto.

Taking any z; € 5,- and any

z€EP'QAM@), - - -5 T @), 24 My (@), - - -5 TL(E)))
inequality (*) becomes
E(n{p(2)), 4'(2)) > E{m(p(2)), 4'())-
Thus, z € £ is such that for each i € N, each z; € ’f, and each
2E€P7 M@ -+ s My (@) 2y Ty @D - - s TR D),
E{n (D), 4'@) > En (). 4'@)).

We call such a point a (p, g)-equilibrium point for the n-person game I'. Therefore
we have proved

THEOREM 11. For any finite n-person game I' and any continuous func-
tions q', p such that S(p(z)) C S(z) for each z € S, there exists a (p, q)-equilib-
rium point.

The previous result which gives the existence of an equilibrium point in the
nonmultilinear case is a generalization of Nash’s classical result about equilibrium
points [8] and [9].
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Consider the case where

T @)0ys v s Oigs Oppgs e e Op) = II~ (2)(a;)
j#i
for each i € N, and p is the identity mapping. Then, the projection point
T, @), - - ., M, (2)) € X;en2; of any (id, 7)-equilibrium point z, since the expec-
tations E; are now independent of all points in the fiber, is indeed a Nash equi-
librium point in the mixed extension F= {ff,, E; i€ N}.

This takes into account only the strictly noncooperative actions.

Now, we would like to study the relationship between the set of (id, q)-
equilibrium points for I" and the set of Nash equilibrium points. We recall that
the former set is

= U NMTo
TEP(L) 0EL
where the M’s set are considered with respect to the F function. On the other
hand, it is easy to see that the set of Nash equilibrium points is given by
= U N Mo
TEQ(X) o€
where 7(T) = T; is the projection of the set T C Z into Z;, Q(Z) is the family of
all nonempty subsets T = X;cy7(7T) in Z and M(T, o) is the set of all z €
X;enZ; such that S(z;) = T; and for each i € N:

Q) Efzy, - s 2i1sTip Zigrs -+ 2 2n) ZELZys o o o 52145 01 Zigqs o o o5 Zp)

foreach 7, € T;.

PROPOSITION 12. For any finite game T, given p = id and p, then E° =
AE™).

ProoF. Given a T € Q(z), let R(T) be the family of subsets U C T such
that m(U) = n(T) = T; for each i € N. Then, we can write
EF= U U NMUOo.

TEQ(z) UER(T) 0EE

We first want to see that

U N Mo, o)=)\(n MT, a)).

UER(T) o€Z (42

Let z be a point in the first set, then S(z) = U for some U € R(T). There-
fore for z; = m{z), we have S(m{(z)) = T; = n(T) = n(U). Let r; € T, for some
i € N, then there is some 7 € U such that 7; = 7;. Since z € noe,:M(U, 0) we
have that
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2 Ei(zl, o o . ,Zi_l, T", ZH_I, o o o ,Zn)
iEN

> 2 Bz, o121, Oy Ziggs e sZy)
iEN
for each 7 € Uand 0 € Z. In particular for T € Uand 0= (7, ..., 7,_;, 0;
Tig1s -« - » Tp), from here, we obtain (2) for each i €N, 7; € T; and 0; € Z;.
This implies that (z,, . . . , 2,) € Nyes M7, 0).

Reciprocally, given (24, ...,2,) in naezN(T, 0), consider any z €
Nzy, . . . 5 2,) With S(2) = U € R(T). Given 7 € U and any o € Z, since
(zy, .. -52,) EMT, 0) and 7; € S(z;) = T, we have (2), and adding them:

S EfZyy s Ziqs Tis Zigns e e o5 2p)
iEN
> Y Efzys - s2im150p Ziggs - o o 2 Z0)s
iEN
or equivalently, z € M(U, o).
Therefore

= U X(ﬂN(T,a)>=)\(TU nN(T,o))=Enc

TEQ(Z) \oez €Q(Z) 0ET

which is the desired result. Q.E.D.

It is worth observing that the set of equilibrium points in #n-person games
has a particular shape.

Given a set K C X;=xK; where K; is a convex set in an euclidean space, we
say that K is multiconvex if for any

X=Xy, oo s Xjogs Xjp Xjgg - - - s Xp)s
y= (xl’ oo ’xf—l’yj’ xj+l, oo ,xn)

in K any convex combination ux + (1 — )y € K. In the case that [Nl =1 this
notion becomes the usual concept of convexity.

It is clear at once that the set () e M(T, 0) C XienZ; is multiconvex.
Thus,

COROLLARY 13. The set of Nash equilibrium points of any finite n-person
game is the union of multiconvex sets.

However, there is a particular case where the shape of the equilibrium
points set is simpler, namely, when the expectations E| are linear functions in the
variables (2y, ..., 24, Zj4qs -« - 52,) € Xj¢,§,. Consider any permutation
6: N — N without fixed points. In the case that the payoff functions are
Afoy,...,0,) = Ao}, 0g(;)), the expectations will be E(z;, z, (iy)- Therefore
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all the sets M(T, o) become convex. Similarly the function F is bilinear and con-
sequently both equilibrium sets E€ and E"¢ are unions of convex sets. This is
certainly the case for two-person games. Furthermore, all the extreme points of
E€ can be effectively computed by the methods indicated in §III. Such extreme
points will without any doubt be related to the extremes of E"¢. Some other
examples can also be considered.

V1. Equilibrium points for rational n-person games. Having presented in
the previous section the application of our basic result to n-person games, we now
will show that it is possible to get more general results in the same direction.
Indeed, we will obtain the existence of general equilibrium points for games with
rational payoff functions. This was recently done by the author [9] by using
Kakutani’s fixed point theorem, thus obtaining a generalization of von Neumann’s
result [16].

Here we will use a further approach based on the results in §II.

In this section, let I' = {Z;, 4;; i € N} be a finite n-person game where the
payoff functions 4; = B;/C; where C; > 0. For given q', p as in the previous
section, define

86,2 = E{(n(p(2), ¢'@NEF (0, 4'(2)) - EX (nfp(2)), ¢'))ES (0, 4'(2))

for 0 € Z and z € T, where EP and EF are the expectations of B; and C; respec-
tively. From here,

G(xo y) = Z P(X)(Ol 3 on)go(v)

01,...,0n

= Z p(X)(O", e ey on) ‘Z g{’i(y)
iEN

G ssOp

= ¥ [Ef 0D, dONEF(np(x), 4'0))

iEN
- Ef(m0)), dONES (mp(x)), ¢'()]

for x, y € 3. By Theorem 2, there exists a z € S such that Gz, 2) = G(z, )
for each z € . Replacing its value in terms of the expectation:

Gz 7)=02= Y [ES(m @), d'GENEE(n p(2)), 4'(Z))
iEN
- EBn(0(Z ), A GNES (m{p(2)), '(Z )]



SOME TOPICS ON EQUILIBRIA 101

or

X EBm (@), ¢@NES(n(p(2)), 4'())

iEN
> ¥ ESmp(D), d@NEF(n{p(2)), 4'(2)
iEN
foreachz € 3.
Taking any z; € 'fi and any
z ep_l()\("l(f)’ cec ﬂl—l(f)’ zi’ "l“" l(f)’ oo oy ﬂn(f)))
consecutively in the last inequality, we have that z € ¥ is such that for each i €

N, each z; € Ei and each

LT YN 2 R SN 2 Y HE SR ¢ W X ¢5))§

E{ (@), ¢'(ZNES(n(p(2)), 4'(2)
> ES(n0(2)), ' ENEE(n0(2)), 4'(2))
or
EP(n(p(?)), 4'(2)) S E(nfp(2)), ¢'(2)) ,
ES(m@(@), 4'(Z)  Ef(n(p(2)), ¢'(2))

since all C; are strictly positive.
We say that such a point is an (p, g)-equilibrium point for the rational n-
person game I'. We have proved

THEOREM 14. Any rational n-person game T has a (p, q)-equilibrium point
if p, ¢ are continuous and S(p(2)) C S(z) for each z € X.

In the case when p = id and ¢ = g’ as in the last paragraph, then the pro-
jection (m(2), . . . , ,(2)) € X,;enZ; is an equilibrium point in mixed strategies.

We observe that if all the payoff functions C; are identically one, all the
expectations Ef are identically one also, and therefore Theorem 14 particularizes
into the result given in Theorem 1.

Finally, we would like to point out that many results can be extended in
the direction given in [6] and [7] for E-points and some more general concepts of
stability. Furthermore, considering the results in [8] some natural extensions in
the cooperative context can be developed.
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